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In this paper we introduce *two sufficient conditions enforcing* each $\documentclass[12pt]{minimal}
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*(ii)* A similar but longer argument shows that (upon combining ([8](#Equ8){ref-type=""}), ([15](#Equ15){ref-type=""}), ([19](#Equ19){ref-type=""}), ([22](#Equ22){ref-type=""}) and ([23](#Equ23){ref-type=""})) the asymptotic fulfillment of the second inequality from ([6](#Equ6){ref-type=""}) i.e. $\documentclass[12pt]{minimal}
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The asymptotic conditions established in Theorem [2.1](#FPar5){ref-type="sec"} in the form of specific inequalities depend (for each *i*) exclusively on triples $\documentclass[12pt]{minimal}
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We note that all asymptotic conditions from Theorem [2.1](#FPar5){ref-type="sec"} can be extended to their 2*D* analogues (with extra argument used establishing in fact a new theorem) which in turn can be visualized in more appealing 2*D* plots. Again it is omitted here as exceeding the scope of this paper.
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Experimentation and Testing {#Sec3}
===========================

In this section first Theorem [2.1](#FPar5){ref-type="sec"} is illustrated with some examples based on algebraic tests supported by 3*D* plots generated in *Mathematica* (see Subsect. [3.1](#Sec4){ref-type="sec"}). Next the convergence rate $\documentclass[12pt]{minimal}
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In doing so, in a preliminary step, for a given fixed $\documentclass[12pt]{minimal}
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                \begin{document}$$(M_{im},N_{im},P_{im})\in [\beta _0,1]^3$$\end{document}$ characterizing either ([27](#Equ27){ref-type=""}) or ([29](#Equ29){ref-type=""}). The algebraic calculations performed herein (assuming *m* is sufficiently large) are supplemented by geometrical visualizations with 3*D* plots in *Mathematica*. At this point, we re-emphasize that the asymptotic conditions from Theorem [2.1](#FPar5){ref-type="sec"} can be extended further into respective 2*D* counterparts upon some laborious calculations. In return, the latter gives some advantage in visualizing more appealing 2*D* (*versus* 3*D*) plots. To save the space the relevant theory and testing concerning this extra 2*D* case are left out here.

The second example reports on tests designed to numerically evaluate $\documentclass[12pt]{minimal}
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The tests reported here are performed for 2*D* and 3*D* curves $\documentclass[12pt]{minimal}
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### Example 1 {#FPar7}
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Numerical Testing for Length Estimation {#Sec5}
---------------------------------------

We pass now to the experiments designed to investigate convergence rate $\documentclass[12pt]{minimal}
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### Example 2 {#FPar9}
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Conclusions {#Sec6}
===========

Fitting reduced data (see e.g. \[[@CR3]\] or \[[@CR16]\]) constitutes an important task in computer vision and graphics, engineering, microbiology, physics and other applications like medical image processing (e.g. for area, length and boundary estimation or trajectory planning) - see e.g. \[[@CR4], [@CR6], [@CR8], [@CR11], [@CR14], [@CR15], [@CR17], [@CR20]\] or \[[@CR21]\].
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